Initiation of impulsive fracture near the source of a nonlinear surface acoustic wave ͑SAW͒ pulse, launched by laser-based transient pressure shocks, is investigated. A numerical method is developed that solves the problem of nonlinear SAW generation, the propagation of SAW pulses in nonlinear media, and the initiation and growth of cracks by such pulses. The characteristic features of SAW profiles in linear media, nonlinear media with quadratic nonlinearity, and nonlinear media with crack induction provide a tool to determine the critical stress of dynamic fracture. Former discrepancies between theoretical and experimental pulse shapes were eliminated by taking into account the effects of fracture. Good agreement was obtained with experiments in isotropic fused quartz. By calculating the stress field of the nonlinear SAW pulse modified by the interaction with a crack and by applying the condition of vanishing shear stress at the crack tip, the angle of crack penetration into the solid was estimated. At a depth of 7.1 m, for example, this angle was approximately 50°to the surface normal, in reasonable agreement with previous measurements in isotropic fused quartz.
I. INTRODUCTION
Nonlinear surface acoustic wave ͑SAW͒ propagation in ideal and defective solids is known to be accompanied by a series of nonlinear effects such as frequency-up and frequency-down conversions, wave form distortions, shock front formation, etc. These effects have been studied for isotropic 1 and anisotropic 2,3 solids. As the SAW pulse propagates in a nonlinear elastic medium, the stress magnitude in the wave increases steadily. If the strain or acoustic Mach number in the developing shocks or spikes reaches the mechanical strength of the particular material, dynamic fracture is induced by nonlinear SAW pulses. 4, 5 Therefore, impulsive fracture is observed when the shock formation distance of the nonlinear medium is smaller than the attenuation length. 6, 7 On the other hand, nonlinear acoustic waves have also been employed to investigate the nonlinear behavior of already existing cracks. During the interaction of a nonlinear acoustic wave with an existing crack, the defect behaves as a strongly nonlinear oscillator with an asymmetric stiffness characteristic. 8 The mechanical properties of such an "anharmonic oscillator" can be probed with nonlinear SAWs. As shown recently, the transient perturbation of a crack by a SAW is followed by a long-term relaxation of its nonlinear elastic properties, whereas linear elasticity remains essentially unchanged. 9 In our recent experiments on impulsive fracture induced by nonlinear SAWs, the wave form of the nonlinear SAW pulse was monitored and afterwards the sample surface was inspected with a microscope in order to search for potential cracks. This time-consuming procedure was repeated each time a SAW pulse was launched. Direct real-time detection of crack formation would be highly desirable and of great importance in practical applications of this technique in fracture mechanics.
In the following we show that direct observation of crack initiation can be based on the additional characteristic distortions experienced by the SAW pulse due to a growing crack. As mentioned above, crack nucleation and growth is initiated at the phase points of the traveling SAW pulse in which the stress exceeds the materials strength. As cracks propagate inward into the bulk of the sample with finite speed, they modify the acoustic field drastically by consuming energy to break bonds, by introducing new traction-free surfaces, and by launching solitary crack front waves 10, 11 and bulk waves. It can be expected that the head of the SAW pulse, preceding the steep shock front, will not suffer significantly from such distortions, while its tail, passing the crack after its initiation, may be strongly affected. In contrast to the detection of crack fields by means of optical microscopy or scanning probe microscopy, the initiation and extension of cracks situated on the SAW ray can be monitored simultaneously with SAW pulse detection. Since the corresponding changes in the SAW profile are directly recorded by the sensitive laser-based detection method, the critical stress of failure can be determined with high accuracy.
II. EXPERIMENT
For the line excitation of plane nonlinear SAWs, a pulsed Nd: YAG ͑yttrium aluminum garnet͒ laser ͑1.06 m, 8 ns, 20-60 mJ͒ was used, and for their detection-usually at two different distances from the line source-by laser probe beam deflection ͑PBD͒, a cw diode-pumped Nd: YAG laser ͑532 nm, 100 mW͒. To realize the high finite amplitudes needed for dynamic fracture of fused quartz the absorptionlayer technique was employed, which was introduced in Ref. velocity or surface slope was measured at distances of about 1 and 16 mm from the source line. The fused-quartz ͑Herasil I͒ samples used in the present experiments had a size of 20 ϫ 40ϫ 3 mm 3 and were delivered by Heraeus.
III. RESULTS AND DISCUSSION
A. Effects of nonlinearity and fracture on the SAW pulse shape
The analysis of wave form distortions caused by dynamic fracture requires a detailed investigation of the whole process of SAW generation and propagation in a medium possessing nonlinear elasticity. The nonlinear evolution of SAWs has been described extensively in the literature, 12, 13 but all these models make use of simplifying assumptions about the nature of the nonlinear acoustic field. The treatment of SAW generation in linear media by a transient pressure shock has an analytic solution.
14 In the nonlinear case, this problem has not been solved. In this work a numerical method is developed that solves, without any simplifications, the problem of generation and propagation of nonlinear SAW pulses and simultaneous crack growth with predetermined direction and speed in an isotropic medium with quadratic nonlinearity.
We consider short SAW pulses excited with a pulsed laser by writing a line parallel to the x 2 axis and traveling along the x 1 axis with the x 3 axis directed inward into the solid. The governing equation of motion has the following form:
This is a similar expression to that normally used in linear elasticity theory, but here the stress tensor contains a quadratic nonlinear term
The first term on the right-hand side is the conventional linear Hooke's law while the second term describes the effects of elastic nonlinearity. The coefficients S ijmnrs are linear combinations of the second-order and third-order elastic moduli given by
͑3͒
The nonlinear boundary conditions include the source in the form of a pressure applied to the sample surface along the x 3 axis, which acts transiently and has a Gaussian temporal and spatial profile at x 3 =0
13 ͑x 1 ,x 3 ,0;t͒ = 0;
where P 0 is the pressure amplitude, the duration of the pressure shock, and a the width of the source line.
To solve the problem stated by Eqs. ͑1͒-͑4͒ the finitedifference time-domain ͑FDTD͒ method was used, which in many respects is analogous to that used in Ref. 15 . In our case the problem is more complicated because nonlinearity is included. On the other hand, we deal with a two-dimensional problem in contrast to the three-dimensional one solved in Ref. 15 . This fact reduces the computation time significantly. The solid was sampled by a homogeneous rectangular mesh with the steps h 1 and h 3 in the x 1 and x 3 directions, respectively. The displacements u i were defined in the center of the cells, while the stresses ij were taken at the mesh nodes. Thus the motion of each mass element was calculated on the basis of four stress values, and vice versa, in discrete form by Eq. ͑2͒, and the ij were determined by u i in the four neighboring cells. Such a selection of meshes, shifted by the vector ͑h 1 ,0,h 3 ͒ / 2 with respect to each other, prevents the accumulation of instabilities in the scheme.
Elastic nonlinearity gives rise to additional instabilities in the numerical integration procedure. Nonlinear wave propagation is accompanied by the continuous generation of higher harmonics, until finally the high frequencies reach the critical wavelength limit of c =2h. Shorter wavelengths cannot be described by the given discretization procedure, and due to the aliasing effect they are transformed into lowfrequency waves. In order to diminish distortions of this kind an ad hoc attenuation was introduced in the form of a twodimensional Shapiro filter
where is the filtration parameter ͑0 Ͻ Ͻ 1͒. This operator affects primarily the highest frequencies. The parameter should satisfy two conditions: first it should not reduce the amplitude of the linear wave within the time period of interest, which was about 100 ns in these calculations, and second it should prevent the generation of waves with wavelengths approaching the spatial steps of the mesh.
In this work we used the mechanical properties of isotropic fused silica: C 1111 = 78.4 GPa, C 1122 = 16 GPa, 16 and = 2203 kg/ m 3 . Let us consider the influence of nonlinearity on the laser-induced generation of SAW pulses. To stay consistent with the experimental conditions, we calculate the surface slope u 31 = ‫ץ‬u 3 / ‫ץ‬x 1 in a SAW pulse excited in fused quartz by a 10-ns laser pulse. nonlinearity, i.e., discarding the nonlinear term in Eq. ͑2͒, and by taking into account quadratic nonlinearity. These two wave forms are depicted by the dashed line and a solid line, respectively. In the linear case the u 31 SAW pulse shape is tripolar and symmetric in time, consistent with the theoretical prediction.
14 The small signal in front of the SAW pulse has been called the "precursor" 14 and is associated with the shear wave. The inset in Fig. 1 indicates that under certain conditions elastic nonlinearity can change the polarity of the precursor.
As can be seen in Fig. 1 , nonlinearity does not change the pulse shape substantially. Essentially, only a small decrease of the amplitude of the SAW pulse is found. This amplitude reduction is the result of a modification of the materials elasticity by the strain in the nonlinear wave field. A rough estimate of this effect can be obtained by using the simplified expression for the effective stiffness C NL Ϸ C 1111 + M C 111111 , where M denotes the acoustic Mach number. If the stress applied in the source region is the same in both cases, then the SAW amplitude in the nonlinear case is smaller than in the linear case by the factor C NL / C 1111 . In the particular case of fused quartz with M Ϸ 0.04, C 1111 = 78.4 GPa, and C 111111 = 526 GPa, 16 this ratio is equal to 0.79, in good agreement with the exact calculation presented in Fig. 1 . This discussion clearly shows that the strongly asymmetric SAW forms, observed experimentally, cannot be explained as an effect of the elastic nonlinearity of the medium.
It is important to note that this model accounts for all disturbances in the solid excited by the pressure shock, namely, the Rayleigh surface wave as well as the longitudinal and transversal bulk waves. The calculated displacements in the bulk beneath the source line are presented in Fig. 2 for both linear and nonlinear elastic behaviors. Here the first narrow peak at 35 ns denotes the longitudinal wave and the second smaller and broader peak at 50 ns corresponds to shear wave appearance. Nonlinearity reduces the amplitude of both bulk modes by the factor C NL / C 1111 , similar to the situation encountered in Rayleigh waves. Besides this effect, the longitudinal wave propagates with a velocity that is somewhat lower in the nonlinear than in the linear case. The dotted line in Fig. 2 exhibits the nonlinear pulse with the amplitude normalized to that of the linear wave, indicating a velocity shift of the longitudinal wave of about 3%. For the Rayleigh wave and the shear wave no noticeable velocity change could be found.
Let us assume that the solid fails if the longitudinal deformation u 11 = ‫ץ‬u 1 / ‫ץ‬x 1 at the surface exceeds a certain critical value, which characterizes the materials strength. We assume that the crack propagates normal to the surface with Rayleigh velocity as long as the stress remains "opening," i.e., 11 Ͼ 0, in the vicinity of the crack tip. On both crack surfaces traction-free boundary conditions 11 = 13 = 0 must be introduced. Setting some components of the stress tensor to zero reduces the potential energy of the elastic wave. The elastic energy released is used to increase the surface energy and for launching acoustic emissions, as mentioned above.
The results of modeling crack initiation and growth are shown in Fig. 3 , which illustrates the calculated movement and locations of mass elements of the two-dimensional lattice. The acoustic field is symmetric with respect to a plane located at x 1 = 0, so only the part x 1 Ͼ 0 is shown. As can be seen, the critical strain condition is reached already close to the edge of the source region, denoted by P͑x 1 , t͒ in Fig. 3 . The elevation of the surface to the right of the crack is due to the Rayleigh pulse launched along x 1 . The shear wave is manifested by noticeable displacements with dominating components parallel to the surface and propagates in the di- rection of ϳ35°from the normal in the direction of SAW propagation. The longitudinal wave, emitted along the x 3 axis, appears as leading compression entailed by rarefaction. The symbols in the graph are separated by a length scale of 1 m. Crack nucleation occurred 6 ns after the lasergenerated pressure pulse reached its maximum. Figure 3 presents the situation after 10 ns. At this instant the crack tip has passed about 20 m at a speed of 3.4ϫ 10 3 m/s. By calculating the surface slope u 31 at zero depth ͑x 3 =0͒, we obtain the shape of the SAW pulse launched by the pressure shock and affected by the failure process. The result is shown in Fig. 1 ͑curve labeled "cracking medium"͒. As expected, the strongest distortion occurs in the pulse tail, where the crack diminishes the pulse amplitude and levels off the second positive peak, making the pulse strongly asymmetric and bipolar. This drastic change is a characteristic indicator of fracture and was often observed when nonlinear SAW pulses were launched by means of the absorption-layer technique, where strains or acoustic Mach numbers of about 10 −2 can be reached. The experimental verification of the modification of SAW profiles by cracking is in qualitative agreement with the predicted wave form distortions. Increasing the laser pulse energy gradually transforms the SAW wave form from a symmetric three-polar shape into an asymmetric one with a prevalent leading part, as illustrated by the wave forms denoted 1-3 in Fig. 4 . The increase of the SAW pulse amplitude, in contrast to the amplitude reduction seen in Fig. 1 , arises from the fact that in the simulations constant excitation conditions were assumed. In the experiments the cracking threshold is determined by the materials properties. For a fixed cracking threshold and variation of the laser excitation energy the model indicates that the SAW amplitude shrinks abruptly as the threshold of fracture is reached, and then keeps growing with further increase of the laser pulse energy.
B. Growth of cracks by the stress field of nonlinear SAWs
Besides fracture in the vicinity of the source line, strongly nonlinear SAW pulses can generate numerous cracks at the surface ͑"crack field"͒ at distances millimeters away from the source. We have demonstrated experimentally that the nonlinear evolution of elastic surface waves during propagation results in the generation of strong tensile stresses, repeatedly inducing failure in the sample. 4, 5 In the current work we have investigated the peculiar properties of the stress field of a traveling nonlinear SAW pulse, which influence not only the nucleation process at the surface but also the growth behavior of cracks penetrating into the bulk of the solid.
To calculate the wave form of the SAW pulse at a distance of 2 mm from the source the set of frequency-domain evolution equations derived in Ref. 17 was used. These equations were integrated numerically over a propagation length of 2 mm using the initial wave form obtained in Sec. III A for propagation in a nonlinear medium with fracture ͑see Fig.  1͒ . The result of integration is indicated in the inset of Fig. 4 , exhibiting qualitative agreement with the experimental wave form 3 in this figure. The nonlinear evolution of such an asymmetric pulselike wave form accentuates the initial asymmetry and leads to spike formation in the head of the SAW pulse and broadening of its tail. 18 The measured SAW profiles u 3,1 , such as those presented in Fig. 4 , determine uniquely the wave field at every instance and everywhere in the sample. In order to evaluate this field the exact solution to the conventional linear boundary problem of elastic surface waves was solved. This provides a complete set of eigenvalues, namely, the phase velocity, the depth distribution, and the polarization vectors of all partial waves. In these calculations the measured u 3,1 profile was extended into a Fourier series, and the wave field u ij (x 1 , x 3 ) was calculated as a sum of the wave fields of all spectral components. In the next step the stress tensor field was calculated as ij = C ijkl u kl . Applying here the linear elasticity approximation assumes the smallness of all values u ij . This condition holds well for elastic surface waves since the displacement gradients are naturally limited to the order of about 10 −2 due to the limited mechanical strength of materials.
As stated in several investigations on the fracture of brittle materials, propagation of a crack is stable only if mode II loading is zero at the crack tip, 19 i.e., when 13 =0 in a coordinate system connected with the crack, where the x 1 axis is directed perpendicular to the generated crack surface. Otherwise the moving tip changes its propagation direction so that the shear load is diminished and purely tensile ͑mode I͒ conditions are achieved in the local stress field at the tip, according to the "principle of local symmetry." 20, 21 In this work we analyze the stress field of the nonlinear SAW pulse modified by fracture in order to find the most probable direction of crack penetration into the bulk in isotropic fused quartz and compare these results with our previous experimental results. 5 As mentioned above, the propagating crack tip will curve continuously to the particular direction in which mode II loading vanishes. In order to find this orientation of stable dynamic crack propagation, the angular dependence of the shear stress component 13 must be calculated. Turning the coordinate system about the x 2 axis by an angle ␣ converts the stress tensor components as follows: ij ␣ = A ip A jq pq , where A is the rotational matrix. In the crack-oriented coordinate system the 11 ␣ component plays the role of an opening longitudinal stress for a crack extending at an angle ␣ from the sample surface normal, and 13 ␣ denotes the shearing load applied to this direction of crack propagation. As an example, we take a wave form with a well-developed spike, such as the theoretical curve shown in the inset of Fig. 4 . As mentioned before, the spikes are mainly responsible for dynamic fracture.
The opening longitudinal stress 11 ␣ of this wave form attains its maximal positive value at the surface ͑x 3 =0͒ and in the direction parallel to the surface, which is denoted as ␣ = 0°. The character of the 11 ␣ field remains similar in the bulk as x 3 increases, whereas its magnitude decays gradually with depth. The 13 ␣ component of the stress tensor, on the other hand, describes the shearing load at the crack tip, which is tilted at an angle ␣ from the surface normal.
The calculated angular dependences of 11 ␣ and 13 ␣ are plotted in Figs. 5͑a͒ and 5͑b͒ , respectively, for a depth of 7.1 m as a function of time. In both plots the areas marked with gray color denote the corresponding zero stress values. Positive values of 11 ␣ correspond to tension, and negative values to compression. The longitudinal stress component has a broad tensile peak that varies slightly with ␣. This behavior provides the condition for crack initiation and propagation in any direction.
The shear stress contains two peaks, a positive one and a negative one, located around ␣ = 90°and ␣ = 0°, respectively, as can be seen in Fig. 5͑b͒ . The two narrow peaks correspond to the spike and the broad negative trough is associated with the valley in the SAW pulse profile, shown in the inset of Fig. 4 . The most interesting point is that the sharp positive peak transforms gradually into the negative peak as the angle ␣ changes. Thus, the shear stress intersects zero in the transition region, providing the condition for stable crack growth. The direction in which the shear stress passes through zero slightly varies with depth from about ␣ = 52°at x 3 =1 m to ␣ = 47°at x 3 =20 m. This behavior is illustrated in Fig. 5͑b͒ for x 3 = 7 .1 m. In this case the shear stress is close to zero around an angle of ␣ = 50°, indicating that the most relevant direction for stable dynamic crack growth is about 50°, with respect to the surface normal. This angle corresponds to a crack tilted inward at about 40°from the surface in the direction of SAW propagation. Accordingly, the crack tip will select this direction for further extension, even if initially it was initiated perpendicular to the surface. The direction of steady crack propagation is determined by the SAW profile, and depends predominantly on the monopolar spike observed in the u 3,1 wave form. Thus it depends on the combination of the second-and third-order elastic constants, whereas a variation of the second-order elastic constants does not affect this direction substantially.
Experiments reported previously corroborate this theoretical result within the relatively large experimental error. In fused quartz the cracks observed by confocal laser microscopy at a depth of about 10 m were oriented inward at an angle of about 55°-60°to the surface normal.
5

IV. CONCLUSIONS
The mutual interaction between the pulse shape of a strongly nonlinear SAW and a crack generated by this nonlinear acoustic pulse is considered. The problem of generation and propagation of SAW pulses in an isotropic medium with quadratic nonlinearity has been solved numerically with a finite-difference time-domain method. This model accounts for the excitation of Rayleigh surface waves, as well as the longitudinal and transversal bulk waves. It allows a comparison of the development of SAW profiles in linear media, nonlinear media with quadratic nonlinearity, and nonlinear media with crack induction. A former discrepancy between the symmetric theoretical wave forms and measured asymmetric wave forms is resolved by including dynamic fracture in the analysis. The corresponding changes observed experimentally in the tail part of the nonlinear SAW profile in fused quartz agree well with the calculated prediction. The characteristic distortions of the observed wave form can serve as an indicator of cracking and for the evaluation of the materials strength.
On the basis of the stress field generated by a propagating nonlinear SAW pulse, the intrinsic propagation of cracks can be studied. The extension of cracks nucleated at or near FIG. 5 . ͑a,b͒ Calculated angular dependence of ͑a͒ the longitudinal opening stress 11 ␣ and ͑b͒ the shear stress 13 ␣ , as a function of time, for a depth of 7.1 m.
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A. M. Lomonosov and P. Hess J. Appl. Phys. 97, 093528 ͑2005͒ the surface into the depth of the solid was simulated by applying the simple principle that the crack propagates in the direction where shear load ͑mode II͒ is minimized and almost purely tensile ͑mode I͒ conditions are maintained at the tip. Within the relatively large experimental error, reasonable agreement is obtained with previous measurements on fused quartz, which showed that the cracks penetrated into the solid at an angle of roughly 30°-35°inward from the surface into the direction of SAW propagation.
